We prove that if all the rank-one bounded operators on a Banach space X attain their numerical radii, then X must be reflexive, but the converse does not hold. In fact, every reflexive space with basis can be renormed in such a way that there is a rank-one operator not attaining the numerical radius.
found to be a useful tool for dealing with several questions in Banach algebras and in the geometry of Banach spaces [13] .
First, we shall prove that a Banach space X on which every rank-one operator attains its numerical radius must be reflexive. Then we shall exhibit counterexamples to show that the converse does not hold. For operators T far from being compact, of course, there is no hope of finding any relationship between reflexivity and the assertion that T attains its numerical radius. For instance, if X has 1-unconditional basis, then it is easy to construct a diagonal operator not attaining its numerical radius even if the space is reflexive.
To prove the announced result, we shall make use of the following maximinimax principle due to S. Simons [15, Theorem 5] . Proposition 1. Let X 0 and Y 0 be non-void sets, and let f : X 0 × Y 0 → R be a bounded function such that for every sequence {z n } of elements in co f(·, Y 0 ) (where co denotes the convex hull ) and any sequence {t n } of positive real numbers with ∞ n=1 t n = 1, there exists a bounded real function z on X 0 satisfying lim inf n z n 6 z 6 lim sup n z n , and the function
The above inequality has been used successfully to obtain new proofs of James' Theorem (see [15] ).
In order to work with the above proposition, we first prove the following technical result. Lemma 1. Let X be a Banach space, and let F be a finite subset of L(X) such that T 6 1 for all T ∈ F. Then
Proof. The left-hand side of the equation is clearly less than or equal to the right-hand side. In order to check the reverse inequality, let us fix ε > 0, (x * 0 , x * * 0 ) ∈ Π(X * ), and write λ := x * * 0 (x * 0 ) −1 , a scalar with |λ| = 1. Since F is finite and B X is w * -dense in B X * * , we can find z ∈ B X such that
and
So
Re λx *
and, applying the Bishop-Phelps-Bollobás Theorem [6] , we can find (y, y * ) ∈Π(X) satisfying z − y < ε 3 and
Now, given T ∈ F, by using (1) and (2), we obtain
Moreover, if inf T ∈F
Re y * Ty = Re y * T 0 y for some T 0 ∈ F, then by the last inequality we have
and hence, since (y, y * ) ∈Π(X),
The above inequality holds for any positive number ε and for every element (
We are now ready to prove the main result.
Theorem 1.
A Banach space such that every rank-one operator on it attains its numerical radius is reflexive.
Proof. We shall proceed by contradiction, so let us assume that X is a nonreflexive Banach space such that every rank-one operator attains its numerical radius.
The non-reflexivity of X and the Bishop-Phelps Theorem [5] give us (
The Hahn-Banach Theorem provides an x * * * ∈ S X * * * with
Since B X * is w * -dense in B X * * * , we can find a net {x * λ } λ∈Λ of elements in S X * satisfying {x * * (x * λ )} → x * * * (x * * ), for all x * * ∈ X * * ,
Now we shall make use of Proposition 1, withΠ(X) playing the role of X 0 ,
and the function
We are going to verify the assumptions in Proposition 1: given a sequence {z n } of elements in co f(·, Y 0 ), for each n, z n can be expressed as z n = (y * n , x 0 ), where y * n ∈ co{x * λ : λ ∈ Λ}; let y * ∈ X * be a w * -cluster point of the sequence {y * n }, and write z = (y * , x 0 ). Then, by considering z n and z as functions on X 0 , for any (x, x * ) ∈Π(X) we have
and thus lim inf n z n 6 z 6 lim sup n z n , inequalities between functions on X 0 . Further, if {t n } is a sequence of positive real numbers with
and since we are assuming that every rank-one operator attains its numerical radius, by applying this hypothesis to the operator ∞ n=1 t n (y * n − y * ) ⊗ x 0 , we obtain that the function ∞ n=1 t n (z n − z) attains its supremum on X 0 . Therefore inf
We shall estimate both sides in the above inequality in order to obtain the desired contradiction. For the first, let us fix a finite set F ⊂ Λ, and write F = {λ 1 , . . . , λ n }; given any operator
we have
)Re x * 0 (x 0 ) (by (3) and (4))
and, of course, since this holds for any finite subset F ⊂ Λ, we deduce
Now Lemma 1 allows us to change the first term, and obtain
and we have obtained a lower estimate of the left-hand side of (5).
For the right-hand side of (5), let us fix a finite subset G of X 0 , which has the form
Since the net {x * λ } converges to x * * * in the w * -topology of X * * * , and x * * * (X) = 0, we can choose λ 0 large enough such that
and thus
But this holds for any finite subset G of X 0 , so
Hence, by using the estimates (6) and (7) and inequality (5), we obtain
which is clearly impossible since ε < 1 2 and x * * 0 + X > 0, so we conclude the proof.
We have just proved that if every rank-one operator on a Banach space attains its numerical radius, then the space is reflexive. Now our aim is to show that there exists a reflexive Banach space for which not every rank-one operator attains its numerical radius. The next result gives us the key idea for constructing rank-one operators not attaining their numerical radius.
Proposition 2. Let X be a Banach space, and assume that there exist z 0 , x n ∈ B X , x 0 ∈ S X , satisfying
∈ Kx 0 . Then there exists x * 0 ∈ S X * such that the operator x * 0 ⊗ z 0 does not attain its numerical radius.
Proof. We choose x * 0 ∈ S X * with x * 0 (x 0 ) = 1, and we shall show that the operator x * 0 ⊗ z 0 does not attain its numerical radius. It follows from (iii) that {x *
By using (i) and the Bishop-Phelps-Bollobás Theorem [6] , we can find a sequence
and {y * n (z 0 )} → 1. Moreover, from (8) and (9) we have
Since x * 0 (x 0 ) = 1, conditions (iv) and (ii) give |x * 0 (z 0 )| < 1, and by using the previous lemma, x * 0 ⊗ z 0 does not attain its numerical radius.
Example. Given a reflexive Banach space X with a basis, there exist another Banach space isomorphic to X and a rank-one operator on it which does not attain its numerical radius. Finally, Proposition 2 provides a rank-one operator not attaining its numerical radius.
Surprisingly, it is only the 'hard to prove' direction in the classical version of James' Theorem which continues to hold for the numerical radius. For reflexive spaces whose duality mapping satisfies a weak-upper-semi-continuity property, which includes the p spaces (1 6 p < ∞), it is known that compact operators attain their numerical radius (see [11] and [1] ). However, even in the case of L p [0, 1], we do not know whether this holds or not.
Note added in proof. The result stated in the Example holds for any infinite-dimensional reflexive space E. It is enough to fix a subspace Y of E as in the Example, and consider the norm on E whose unit ball is given by B := co co 2 (z 0 ∪ U) ∪ B Y ,
where U = B E ∩ ker x * ∩ ker z * for some Hahn-Banach extensions x * , z * of x * 0 and z * 0 , respectively, and co 2 (z 0 ∪ U) = {αz 0 + βU : α 2 + β 2 = 1}. Since z 0 is smooth in E and z * is also smooth, the operator z * ⊗ x 0 does not attain the numerical radius.
